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Abstract

The flow and heat-transfer characteristics over a continuously moving horizontal material with suction or injection are studied
very close and far away downstream from the extrusion slit. The finite-volume method is used to map out the solutions in the
nonsimilar and similar regions subject to uniform surface velocity and temperature. The effects of Prandtl number (Pr), suction/
injection parameter (d) and Reynolds number (Re,) on the friction and heat-transfer coefficients are studied. Comparisons with the
similarity method solutions downstream at high Re, are made. Critical Reynolds numbers to distinguish between the self-similar and
nonsimilar regions are obtained. The region very close to the slit is characterized by: (i) a rapid increase in skin-friction coefficient
with increasing suction, or with increasing injection above d=0.45; the lowest friction coefficient is attained at an injection pa-
rameter d~0.45, and (ii) large heat-transfer coefficient which increases with increasing Prandtl number and suction, and decreases
with increasing injection. On the other hand, downstream where the similarity solution is valid both the skin-friction and heat-
transfer coefficients reach asymptotic values depending on d and, for the latter, on Pr. © 2000 Elsevier Science Inc. All rights
reserved.
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Notation y coordinate along direction normal to surface
motion
Crx local skin-friction coeflicient, z,,,/0.5pu? Y dimensionless coordinate, y/L
d dimensionless suction/injection parameter, Greek
vy RV Ju, r dimensionless diffusion coefficient
hy local heat-transfer coeflicient n dimensionless similarity variable, y(u,,/2vx)"”
k thermal conductivity 0 dimensionless temperature, (T — T ) /(T — Too)
L surface length v kinematic viscosity
Nu, local Nusselt number, A.x/k p density
4 pressure Tyx local shear stress
P dimensionless pressure, (p — px)/pus, ¢ a general dependent variable
Pr Prandtl number
Re, local Reynolds number, u,x/v Subscripts
S source term c critical conditions
T temperature e pertains to entrained velocity
u velocity component in x-direction w condition at surface
U dimensionless velocity component, u/u,, ¢ a general dependent variable
v velocity component in y-direction 00 condition at ambient medium
14 dimensionless velocity component, v/u, v velocity boundary layer
X coordinate along direction of surface motion T thermal boundary layer
X dimensionless coordinate, x/L

. 1. Introduction
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cesses. Such processes are hot rolling, wire drawing, metal
extrusion, crystal growing, continuous casting, glass fiber
production, and paper production (Altan et al., 1979; Fisher,
1976; Tadmor and Klein, 1970). The study of flow field and
heat transfer is necessary for determining the quality of the
final products of such processes as explained by Karwe and
Jaluria (1988, 1991).

Since the pioneer study of Sakiadis (1961) who developed a
numerical solution for the boundary layer flow field of a
stretched surface, many authors have attacked this problem to
study the hydrodynamic and thermal boundary layers due to a
moving surface. Tsou et al. (1967) reported, analytically and
experimentally, the flow and heat-transfer fields developed by a
continuously moving surface. Stretched surfaces with different
velocity and temperature conditions at the surface were studied
by Crane (1970), Soundalgekar and Murty (1980), Grubka and
Bobba (1985) and Ali (1994).

Suction or injection through a stretched surface was in-
troduced by Erickson et al. (1966) and Fox et al. (1968) for
uniform surface velocity and temperature, and by Gupta and
Gupta (1977) for a linearly varying surface velocity. Chen and
Char (1988) have studied the suction or injection on a linearly
varying plate velocity subject to uniform wall temperature and
heat flux; the more general case using a power law velocity and
temperature distribution at the surface was studied by Ali
(1995). Laminar mixed convection, from a uniformly moving
vertical surface, was considered with suction or injection for
uniform and variable surface temperature by Ali and Al-Yo-
usef (1997, 1998), respectively. In their study, solution domains
have been obtained when the buoyancy force assisted or op-
posed the induced flow for different Prandtl numbers.

In almost all the papers cited earlier, the studies concen-
trated on the boundary layer far away from the extrusion slit
where the boundary layer approximations and, hence, the
similarity method are valid. However, in most practical ap-
plications, the flow and heat-transfer characteristics are very
important close to the slit at which both the friction and heat-
transfer coefficients attain their largest values. On the other
hand, the finite-difference method using the full governing
equations was used by Karwe and Jaluria (1988, 1991), for
uniformly moving flat plate with a uniform temperature at the
slit, to study the effects near the slit from which the plate
emerges. Furthermore, Kang and Jaluria (1993) included the
buoyancy effects on moving plate in materials processing. In
these papers, the suction or injection at the moving plate was
relaxed. However, during the manufacture of some materials
such as plastic and rubber sheets it is often necessary to blow a
cooling gaseous medium through the not-yet-solidified mate-
rial (Lakshmisha et al., 1988). The present study focuses on the
effect of suction and injection at the moving surface using the
full governing equations. Special attention is given to the re-
gion very close to the slit, and to obtain critical Reynolds
numbers that distinguish the similar from the nonsimilar re-
gions for both the velocity and thermal boundary layers.
Comparison with the similarity method solution is made far
downstream.

The mathematical formulation of the problem is presented
in Section 2, followed by the numerical solution procedure in
Section 3. In Section 4 results and discussion are reported and
finally conclusions are given in Section 5.

2. Mathematical formulation

2.1. Basic assumptions and governing equations

Fig. 1 shows a continuously moving plate emerges from a
slit at a velocity u, and a temperature 7,, in an otherwise

u=u,, v=vy,, T=T,

Extrusion slit

Continuously moving plate

Fig. 1. A schematic showing the physical situation and boundary
conditions of a continuously moving plate.

quiescent medium with suction or injection at the plate. The
induced motion of the fluid is assumed to be laminar, steady,
and two dimensional with thermal active incompressible vis-
cous fluid with constant properties. Subject to these assump-
tions the governing equations in dimensionless form can be
written as:

%(U2)+%(UV)—%Q(§TZ+%):—§§, )
%(UV)+%(V2)7%Q(%+%>=*S§ A3)

The following scales [L, u,, (T, — T), pu?] are chosen for
the length, velocity, temperature and pressure, respectively, to
make the governing equations dimensionless. The above set of
equations can be represented by a single equation of the form

Ly (P¢ ¢

Re, <6X2 + 6Y2) = 5. (3)
where ¢ is the general variable and stands for 1, U, V7, and @ in
Egs. (1)—(4), respectively; I'y is the dimensionless exchange
(diffusion) coefficient and stands for 0, 1, 1, and 1/Pr in the
above equations, respectively; and S, is the source term and
represents the right-hand side in the equations set for ¢. This
general form of transport equation facilitates the use of the
same solution procedure to be applied to all governing equa-
tions.

0 0
&(U(b) +§(V¢)

2.2. Boundary conditions

With reference to Fig. 1, where the stretching plate is drawn
horizontally through the slit at x = 0, the following boundary
conditions are applied. Starting with conditions at the surface
(y=0):
u=u, v=uv,(x) and T=T,, (6)
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Table 1

Comparison of Nu, Re,
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X
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in the self-similar region to previously published data for various  and Pr

d Pr Ali (1995) Jacobi (1993) Tsou et al. (1967) Erickson et al. (1966) Present study
0.0 0.7 0.3476 0.3492 0.3492 - 0.351
0.0 1.0 0.4416 0.4438 0.4438 0.4437 0.444
0.0 10.0 1.6713 1.679 1.6804 1.680 1.665

—0.25 1.0 - - - 0.604 0.607

—0.25 10.0 - - - 3.537 3.568
0.25 1.0 - - - 0.3097 0.310
0.25 10.0 - - - 0.4661 0.461

where u,, and 7,, are constants. In order to allow for fluid in- u=0, v=0 and T=T,. (8)

jection or suction through the plate, the plate is regarded to be
porous with a transpired velocity v, given by

vy =du,Re;'? or d= &Rei/z, (7)
U,

where d is a suction/injection parameter. Such a velocity dis-
tribution is required to achieve similarity solutions far down-
stream from the slit (Ali, 1995). However, in the present
numerical model, there is no restriction to such a specification
since the practical situation may demand different distributions
of velocities for the fluid injected or sucked through the
stretching plate. Nevertheless, the distribution as given by
Eq. (7) is retained to facilitate comparisons with solutions
based on the similarity approach and to distinguish the
nonsimilar from the similar regions in terms of Reynolds
number. Positive or negative v, implies injection or suction,
respectively.

The left-hand side of the calculation domain, Fig. 1, sim-
ulates an impervious wall at which the following boundary
conditions are applied:
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Fig. 2. Skin-friction coefficient variations with: (a) the Reynolds
number for various suction/injection parameters , and (b) the suction/
injection parameter showing comparison between the finite-volume
method and similarity method far downstream (large Reynolds num-
ber).

The top boundary is located far enough above the slit, there-
fore the following conditions are applied:

u=0, T=T, and p=p.. 9)

This boundary is allowed to entrain fluid at velocity v, and
temperature 7. The velocity v, is not known beforehand and
is determined iteratively by the calculations. Its value depends
upon the mass flow rate drawn outside the calculation domain,
by the drag force imposed by the moving plate on the adjacent
fluid, and the mass flow rate being injected or sucked through
the plate.

The following outlet conditions are applied at the right
boundary of the calculation domain:
Ou ov or

Pl Gx—()7 5:0 and p = p...

U = U,

(10)
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Fig. 3. Dimensionless velocity profiles for Reynolds numbers =0.5 to
100 as a function of the transverse coordinate Y for different suction/
injection parameters d: (a) d=0.0, (b) d=—0.6, and (c) d=0.6.
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These approximate fully developed conditions and are quite
adequate in the parabolic flow region especially when they are
ensured to be located far downstream from the slit.

3. Numerical solution procedure

The numerical model uses a control-volume finite-difference
method for discretizing the governing partial-differential
equations (1)—(4). The pressure field and velocities are deter-
mined via the well-known SIMPLE algorithm of Patankar and
Spalding (1972), but differs from it in the way the finite-volume
equations are solved. The 2/E/FIX computer program of Pun
and Spalding (1977) is modified and used to solve the present
problem. The finite-volume equations are handled by this code
on a line-by-line manner. Al-Sanea et al. (1980) and Al-Sanea
(1992) have briefly described and applied the line-by-line
procedure in computing recirculating flows with heat transfer.
The scheme was found particularly beneficial for flows where
relatively large parabolic or nearly parabolic regions exist
alongside the elliptic flow regions. The present moving plate
problem with suction or injection falls into such a category;
elliptic effects are dominant very close to the slit region,
whereas downstream of the slit the flow is predominantly
parabolic.

All the numerical results are checked to be substantially
grid independent. This is achieved by obtaining solutions with
an increasing number of grid nodes until a stage is reached
where the solution exhibits negligible change with further in-
crease in the number of nodes. The top and outlet boundaries

1.00 T T T

0.80 p
0.60

U 040 |

Fig. 4. Dimensionless velocity profiles for Reynolds numbers = 100 to
6000 as a function of the transverse coordinate Y for different suction/
injection parameters d: (a) d=0.0, (b) d=—0.6, and (c) d=0.6.

of the calculation domain are checked by numerical experi-
ments to be located far enough not to influence the results in
the region of interest. The location of the top boundary de-
pends on Re, Pr and d; the lower the Re and Pr the higher its
position should be, as, indeed, with increasing injection since it
acts to thicken the boundary layer. For the range of parame-
ters considered in the present study, the top boundary is lo-
cated at a height of about 20% L which is greater than twice
the maximum thickness of the boundary layers present at the
very end of the plate.

A highly nonuniform finite-volume grid is used with nodes
closely packed in regions with steep variation of flow proper-
ties; namely, very near to the extrusion slit and the moving
plate. A typical grid size of 70x30 nodes in the x- and y-di-
rections, respectively, is employed for all runs with Pr < 3.
The grid step sizes, Ax and Ay, are both increasing in the x-
and y-directions (see Fig. 1) with expansion factors of 1.15 and
1.5, respectively. Due to the much thinner thermal boundary
layer for Pr = 10, the grid size in the y-direction is increased to
50 nodes with an expansion factor of 1.1 for injection and 1.3
for suction.

Converged solutions are achieved when the changes in all
variables, for all nodes, produced by successive iterations di-
minish and when the sums of the normalized absolute values of
residual errors in the finite-volume equations are reduced to a
prescribed small value. Typical converged results are obtained
after about 300 iterations starting from uniform initial-vari-
able-field values; a near optimum relaxation factor of 0.7 is
applied for all dependent variables. The calculations require
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Fig. 5. Dimensionless temperature profiles for various Reynolds
numbers as a function of the transverse coordinate Y for Pr=1 and
different suction/injection parameters d: (a) d=0.0, (b) d=—0.6, and
(c) d=0.6.
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about 1.3 x 107> s of CPU time per (iteration x variable x grid
node) on a Pentium 200 MMX micro-computer.

4. Results and discussion

Results are presented for a continuously moving flat plate
in an otherwise quiescent medium with Prandtl numbers of 0.1,
1, 3, and 10, and for different values of suction/injection pa-
rameter d. The plate is assumed to move with a uniform ve-
locity and to be at a uniform temperature greater than the
ambient temperature. The numerical model is validated by
comparing results in the self-similar region with the similarity
method solution and with results available in the literature.
Table 1 gives Nu, Re;o'5 for various values of d and Pr; d=0 for
no suction or injection, is —ve for suction, and +ve for injec-
tion. The general agreement between the results is judged to be
excellent.

The shear stress along the plate is presented in a dimen-
sionless form of C;, Re®® versus Re, for various values of d in
Fig. 2(a). For a fixed d, C,,Re®® reaches asymptotically a
constant value independent of Re, far downstream from the
slit, where the self-similar region exists. The initial variation of
Cy.Re®® with Re, is a distinguishing feature of the nonsimilar
region close to the extrusion slit (low Re,). This region is also
characterized by much larger skin-friction coefficients which
increase with increasing suction, or with increasing injection
above d~0.45. However, in the self-similar region injection
acts only to reduce the friction coefficient. Furthermore, neg-
ative values of C, Re®S signify that the plate velocity is higher

Fig. 6. Dimensionless velocity profiles for various Reynolds numbers
as a function of the similarity variable # for different suction/injection
parameters d: (a) d=0.0, (b) d=—0.6, and (c) d=0.6.

than the adjacent fluid velocity; the positive values indicate the
opposite due to velocity overshoot caused by larger injection
(d = 0.45). Atd ~ 0.45, C; Re’3 is almost constant and equal
to the asymptotic value downstream; this value of injection
parameter gives the lowest skin-friction coefficient in the re-
gion very close to the slit.

The Reynolds number required to achieve a local value of
Cy.Re" equals to 1.05 times the asymptotic value in the self-
similar region, corresponding to each d, is defined as the crit-
ical Reynolds number (Re,),. This (Re,), is used to distin-
guish the nonsimilar from the self-similar regions for the
velocity boundary layer. The results show that (Re,.), is a
weak function of ¢ and that for —0.9 <d <0, (Re,), =~ 1000;
and for 0 < d<0.9, (Re..), ~1150. In other words, injection
acts to delay arriving at the self-similar region. Therefore, the
boundary layer approximations are valid in the region beyond
(Re..),; whereas the full equations should be used for
Re, < (Rey),.

The asymptotic values of Cy,Re’> obtained by the finite-
volume method are plotted versus d and compared with the
results obtained by the similarity method using the fourth-
order Runge-Kutta scheme in the self-similar region in Fig.
2(b). The comparison shows an excellent agreement and gives
further validation to the current numerical model. The results
also show that increasing suction acts to increase the skin-
friction coefficient, while increasing injection does the oppo-
site.

Samples of normalized velocity profiles are presented in
Figs. 3(a)—(c) and 4(a)-(c) at different streamwise locations
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Fig. 7. Dimensionless temperature profiles for various Reynolds
numbers as a function of the similarity variable 5 for Pr=1 and dif-
ferent suction/injection parameters d: (a) d=0.0, (b) d=—0.6, and (c)
d=0.6.
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Fig. 8. Nusselt number distributions for different suction/injection
parameters d as a function of Reynolds number for: (a) Pr=0.1, (b)
Pr=1,(c) Pr=3, and (d) Pr=10; nonsimilar regions exist to the left of
dashed lines with the self-similar regions to the right.

given by Re, and for different d. Figs. 3(a)—(c) show the effect of
increasing Re, from 0.5 to 100, very close to the slit, on the
velocity profiles for no suction or injection d=0.0 in Fig. 3(a),
for suction with d=—0.6 in Fig. 3(b), and in Fig. 3(c) for
injection with d=0.6. Figs. 4(a)-(c) give, respectively, the
corresponding results for Re, up to 6000, far downstream from
the slit. It is clear that close to the slit where Re, < 1000, there
exists a region of reverse flow (—ve U) and hence the flow is
directed opposite to the direction of the moving plate. This
reverse flow is a consequence of the large pressure gradient
directed toward the slit at X = ¥ = 0 due to the motion of the
plate. However, this effect is found to decay downstream for
Re, > 1000. It is clear that suction acts to increase the size of
the reverse flow region, whereas injection reduces it. It is also
noted that the streamwise velocity reaches asymptotically the
stagnant ambient value (U = 0) as Y increases. The thickness
of the velocity boundary layer increases with increasing Re,
and injection and decreases with increasing suction.

Figs. 5(a)—(c) show the corresponding dimensionless tem-
perature profiles for Pr=1. It is clear that suction reduces the
thermal boundary layer thickness whereas injection thickens it.
Furthermore, as Re, decreases the temperature gradient at the
surface gets steeper which indicates that a higher heat flux is
transferred to the medium near the slit than downstream at high
Re,. It may be noted that for Re, < 1500, the thermal boundary
layer thickness is greater than that of the velocity due to the
existence of reverse flow outside the boundary layer region.

Figs. 6(a)—(c) are constructed using the similarity variable 7.
As shown, the velocity profiles for Re, > 1500 collapse on one
curve; these distinguish the self-similar region where the
boundary layer approximations are valid. In the region where
(Reyc), < Re, < 1500, the slopes of the velocity profiles are
identical only close to the surface. Near the slit, Re, < (Re),,
it is clear that the velocity profiles are different and nonsimilar.
This distinguishes the nonsimilar region in which the boundary
layer approximations break down. The temperature profiles as
a function of 5 are presented in Figs. 7(a)-(c) for the same
parameters as in Figs. 6(a)—(c) and for Pr = 1. As shown, the
temperature profiles for Re, > 300 are similar and collapse on
one curve throughout the thermal boundary layer. Corre-
sponding temperature profiles are obtained for Pr = 0.1, 3, 10
and are not presented here to conserve space.

The local heat-transfer coefficient variations with Reynolds
number for different d and for P = 0.1, 1, 3 and 10 are shown
in Figs. 8(a)—(d), respectively, in terms of Nu, Re%3. It is clear
from these figures that the heat-transfer coefficient increases
with suction and decreases with injection. Besides, this effect is
greater for larger Pr since the temperature boundary layer is
thinner and hence the temperature gradients at the surface are
steeper. Moreover, the increase in heat-transfer coefficient is
significant as Re, decreases for a given d where the temperature
gradients get steeper still toward the slit.

With increasing Re,, the product Nu,Re_ "~ attains asymp-
totically a constant value independent of Re, in the self-similar
region; this asymptotic value depends on both d and Pr. At
smaller Re,, Nu,Re % becomes Re, dependent too and in-
creases sharply toward the slit. This behavior is used to dis-
tinguish the self-similar from the nonsimilar regions. Based on
a similar definition used for the hydrodynamics, critical Rey-
nolds numbers are calculated at which the products Nu, Re_ %3
attain local values equal to 1.05 times the asymptotic values in
the self-similar region. Table 2 lists these critical Reynolds
numbers (Re, ), and the corresponding values of Nu, Re;** for
each d and Pr. Furthermore, in Figs. 8(a)—(d) dashed lines are
plotted to connect these points and, hence, separate the self-
similar from the nonsimilar regions. Therefore, the boundary
layer approximations are valid in the regions to the right of the
dashed lines and break down in the regions to the left. The
results show that for higher Prandtl number fluids, (Re, ) gets
smaller. The value of (Re, ) is of the order 1 for Pr=3 to 10

—0.5

Table 2
Critical Reynolds numbers and corresponding Nu, Re;** at which the dimensionless temperature gradients at the surface become equal for various d
and Pr
d Pr=0.1 Pr=10 Pr=30 Pr=10.0
(Rexe)r Nuy, Re; 03 (Rexe)r Nu, Re[ "3 (Rexe)r Nuy, Re[ %3 (Rexe)r Nuy Re[ %S
-0.9 99 0.143 23 1.183 0.32 3.256 0.05 9.992
-0.6 114 0.124 34 0.923 0.49 2.409 0.07 7.031
-0.3 140 0.104 5.4 0.684 0.86 1.609 0.13 4.237
0.0 173 0.088 9.3 0.473 1.73 0.908 0.42 1.750
0.3 210 0.077 15.3 0.310 4.61 0.404 2.10 0.358
0.6 264 0.067 25.7 0.195 11.00 0.148 9.00 0.046
0.9 349 0.061 42.0 0.118 28.42 0.051 19.00 0.005
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Fig. 9. Nusselt number variation with the suction/injection parameter
for Pr=1 showing comparison between the finite-volume method and
similarity method far downstream (large Reynolds number).

(water and similar liquids) and is of the order 100 to 10 for
Pr=0.1 to 1 (gases in general); suction acts to decrease
(Rey ), whereas injection acts to increase it. Referring back to
Figs. 7(a)—(c) and for Re, > (Re,.)r, it is noted that the slopes
of the temperature profiles at the surface are the same.
Therefore, (Re.c)r is used to distinguish between the self-
similar and nonsimilar regions as given in Table 2.

The asymptotic values of Nu, Re;** obtained by the finite-
volume method are plotted versus d and compared with the
similarity method results using the fourth-order Runge-Kutta
scheme in the self-similar region in Fig. 9. The comparison
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Fig. 10. Pressure contours over a stretched surface for different suc-
tion/injection parameters d: (a) d=0.0, (b) d=—0.6, and (c) d=0.6.

shows an excellent agreement which further demonstrates the
accuracy and validity of the numerical model. The results also
indicate an order of magnitude increase in the value of Nusselt
number due to suction at d = —0.9 as compared to injection at
d=009.

The dimensionless pressure contours are presented in Figs.
10(a)—(c) for d =0, —0.6 and 0.6, respectively. The pressure
values are normalized by pu? and the region only very close to
the slit is shown; outside this region, the pressure is practically
uniform. The contour interval is fixed constant at 0.02. It is
clearly seen that the pressure gradient increases sharply toward
the corner, where the slit is, due to the motion of the plate and
the presence of the stagnant left wall above the slit. This is why
the reverse flow exists in this region as seen in the velocity
profiles in Figs. 3, 4 and 6. The pressure level and gradients
increase as suction is introduced at the surface and decrease
with injection.

5. Conclusions

The finite-volume method is used to solve the full equations
of motion due to a moving surface in a quiescent medium with
suction or injection at the surface. The surface is assumed to
move at a uniform speed with a uniform temperature in four
Prandtl number fluids of 0.1, 1, 3, and 10.

For the range of parameters studied, the results show that
the velocity profiles for Re, < 1000 have reverse flow regions,
and for Re, < 1500 the profiles are nonsimilar. Critical Rey-
nolds numbers (Re,.),, based on asymptotic values of friction
coefficients, are calculated at about 1000 for suction and 1150
for injection. For (Re,.), < Re, < 1500, the velocity profiles
versus 7 have the same slope only close to the surface. For
Re, > 1500, the whole profiles become similar and collapse on
one curve. The same trend is obtained for the thermal char-
acteristics which show dependency on Pr too. Critical Rey-
nolds numbers, (Re,.);, are obtained to distinguish the
nonsimilar from the similar regions, with d and Pr as param-
eters, as given in Table 2. Furthermore, rapid increase in heat-
transfer coefficient is calculated with decreasing Re,; the heat-
transfer coefficient increases with Pr and suction and decreases
with injection. On the other hand, Nu, Re;** reaches asymp-
totic values, with increasing Re,, equal to those obtained by the
similarity method with magnitudes depending on & and Pr.

Finally, the skin-friction coefficients attain large values at
low Re,. The product C;,Re’ reaches asymptotically, with
increasing Re,, a constant value obtained by the similarity
method for a particular 4. In the self-similar region, the skin-
friction coefficient increases with suction and decreases with
injection as long as the boundary layer does not separate. In
the nonsimilar region, the behavior of the friction coefficient is
slightly more complicated since it depends on Re, too, and
increasing injection above d=0.45 can lead to an increase in
the friction coefficient, due to velocity overshoot, close to the
slit.
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